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If k is an algebraic number field which is normal over the field of rational 
numbers then it is shown that k has nontrivial units of modulus 1 if and only 
if the maximal real subfield of k is also a normal extension of the rationals. A 
characterization of the units is given for fields which satisfy the above condi- 
tions. A new proof of ICummer’s Theorem on the units of cyclotomic fields is 
also obtained. 
Several years ago two colleagues independently posed to us the following 
two questions: 
QUESTION I. (J. M. Bateman). 
What algebraic integers other than roots of unity have modulus 1 ? 
Of course, integers of modulus 1 must be units. 
QUESTION II. (Robert Spira). 
Other than the quadratic case, can an imaginary field have all real 
units ? 
Upon investigation we were surprised to discover that these two 
questions are closely related. We present here partial answers to both 
questions. First we characterize all fields that contain units of modulus 1 
and secondly demonstrate that (astonishingly) imaginary fields with all 
units real are the rule rather the exception! As a by-product we obtain 
in another way a strong version of Kummer’s theorem on units first 
proved by Peter D&es [l]. 
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Let k be a number field of degree n normal over Q with Galois group G. 
Let U denote the group of units of k and W the torsion subgroup of u, 
that is, the (finite) subgroup of all roots of unity in k. 
By cutting G back to U and factoring through by W we obtain a natural 
representation 
G --+ aut( U/ W) 
of G as automorphisms of U/W. This representation is faithful when k 
is real as can be seen by a slight modification of the following argument. 
Assume k is imaginary, that is, not a real field. Let R denote the maximal 
real subfield of k, the field of index 2 in k that corresponds in the Galois 
correspondence to the subgroup of G of order 2 generated by complex 
conjugation K(X) = Z. Certainly R/Q is normal exactly when K is in the 
center of G. 
Complex conjugation K is the only nontrivial element of G that could 
possibly lie in the kernel of the natural representation G --t aut(U/FV). 
For the crucial step in any proof of Dirichlet’s theorem on units is that 
the t + 1 = n/2 Archimedean valuations of k are independent even on the 
units of k. That is, if 1, cr2 ,..., (T,~~ is a complete list of complex noncon- 
jugate automorphisms of k, then for each i there is a unit 7i of k with 
1 UiTi I < 1, when j # i, 
(Alternately, if 7 is represented trivially, there obtains a dependency 
among the rows of the regulator of k unless T = 1 or K). 
So if the representation of G on U/W is unfaithful, K is trivial on U/W 
and centralizes G, and hence the maximal real subfield R of k is normal. 
Conversely if K is nontrivial on LJ/ W then there is a unit E of k such 
that E-lZ = q, is not a root of unity. Clearly E,, has absolute value 1. 
Moreover it also follows from this that R/Q cannot be normal. For if K 
centralizes G, then for all cr in G, 
and hence E,, is a root of unity since all conjugates are of modulus 1. 
Gathering together all these observations yields the following. 
THEOREM A. Suppose k is a number field Galois over Q with group G. 
If k is real, the natural representation 
G -+ aut(Ul W) 
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is faithful. If on the other hand k is imaginary, this natural representation 
is faithful when and only when the maximal real subfield R of k is not 
normal over Q. Zf R is normal, the representation is 2 to 1 with kernel 
complex conjugation and 1. 
This theorem has many consequences among which is a partial solution 
of our first question. 
COROLLARY. (A normal imaginary field) k contains units of modulus 1 
other than roots of unity exactly when its maximal real subfield R is not 
normal over Q. 
THEOREM B (D&es, 1950). Let R be the maximal real subfield of the 
Galois number field k. 
If R/Q is also Galois, then every unit E of k is of the form 
E = 6-q 
where 5 is a root of unity with -$” in k and where q is a real unit with + in R 
The converse also holds. 
Proof. Suppose R/Q is normal. Since complex conjugation is trivial 
on IJ/ W, for any unit E of k, 
E = WC 
for some root of unity w  in k. Set 77 = (EE))‘/~ and .$ = E/T. Then 
If” = (E/Z) = w-1. 
Conversely, apply the preceeding Corollary. 
It is interesting to interpret these results geometrically in the complex 
plane. Let us coin a word: call a unit of the form E = &I, where 7 is a real 
unit and 5 a root of unity, a regular unit. Then the totality of all regular 
units is the starlike body of all points with rational 2n-multiple arguments 
whose modulus is a positive real unit. 
If both k/Q and R/Q are normal, then all units of k are regular, In 
contrast, if k/Q is normal yet R/Q is not, k must contain nonregular units, 
some of modulus 1 whose arguments are dense for which no Kummer-like 
result is possible; for example, k = Q(2’ts, eVi/3). 
COROLLARY 1. Let m be an odd positive integer and .$ a primitive 
mth root of unity. Then every unit E of k = Q(T) is of the form E = pibr) 
(b = 0, 1) where q is a real unit with q2 in R = Q(1: + 5-l) and where ibv 
is a unit of k. 
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Proof. By the Theorem, c = &I, where 7 is a real unit whose square 
is in R and where e is a 4mth root of unity. But then .$ = (ic)“. If a is 
even, both 5 and 77 lie in k. So at worst, E = &&iv). This second case 
actually will occur when m is other than a prime power, for then 
E = 4 - 5-l is a unit with argument -~3t/2 that cannot be written as a 
2mth root of unity times a real unit of k. 
COROLLARY 2 (Kummer). Let 5 be a primitive path root of unity 
where p is an odd prime. 
Then every unit E of k = Q(t) is of the form E = pv, where 7 is a real 
unit qf k. 
Proof. By the first Corollary, E = pibr), (b = 0, I), where q is a real 
unit with q2 in k. Suppose b = 1. Then k = R((--T,I~)~/~). Note that 
x2 + $ = 0 has discriminant L3 = -4q2 and so, since 2 is unramified 
in k, k/R is unramified. But k is totally ramified at p. Thus b = 0 and q 
is a unit of k. 
We now address ourselves to our second question. 
Note that if R is a real number field normal over Q, then there are 
certainly infinitely many quadratic imaginary extensions k of R that are 
normal over Q. Astonishingly, almost every such k has all real units: 
THEOREM C. Let R be a real number field normal over Q. Then there 
are at most finitely many extensions k of R that satisfy all of the four 
conditions 
(i) [k : R] = 2, 
(ii) k/Q is normal, 
(iii) k is imaginary, 
(iv) k has at Ieast one complex unit. 
Proof. Let P denote the group of positive units of R. Suppose k 
satisfies conditions (i)-(iv). Let E be a complex unit of k. Then k = R(E). 
But by Theorem B, E = 57 where g is a root of unity at most quartic 
over R and where 7 is a real unit whose square is in P. However, 
(P : P2) = 2[R:01--1 < co, and there are at most finitely many roots of 
unity of degree at most 4[R : Q]. Hence there are only finitely many 
choices for 5 and 7 that give rise to distinct extensions k = R(E) of R. 
Admittedly this is not a complete answer to Spira’s Question. But for 
the case k/Q and R/Q normal, we have at least shown that imaginary 
fields k with all real units are the rule rather than the exception. 
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